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Differential Equations and the World

“The laws of nature are expressed by
differential equations.
To know the world is to understand
these equations.”

— Henri Poincaré
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Definition
A pursuit trajectory is the path followed by a pursuer
(predator) that continuously adjusts its direction of motion in
order to intercept a moving target.

Mathematical model: If the target moves along a trajectory
T (t) and the pursuer’s position is P(t), then the pursuer’s
velocity vector Ṗ(t) is always directed toward the instantaneous
position of the target:

Ṗ(t) = v
T (t)− P(t)
∥T (t)− P(t)∥

, v = constant speed of pursuer.
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Logarithmic Spiral Problem

Mathematical Model
Consider a particle moving away from the origin O of the plane
Oxy along a curve. At each instant, the direction vector of the
particle makes a constant angle of 45◦ with its position vector.

Find the equation of the curve describing the trajectory.

Figure: Lighthouse following a boat.
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Logarithmic Spiral Problem

1.Setup of the Problem. If the position of the particle is (x , y),
let α be the angle between the position vector and the Ox axis.
Then

tanα =
y
x
.

The slope of the tangent to the trajectory is

y ′(x) = tan(α+ 45◦) =
tanα+ 1
1 − tanα

=
y/x + 1
1 − y/x

.

This is homogeneous ODE:

y ′ = f
(y

x

)
,

where f is a given continuous (integrable) function.
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Logarithmic Spiral Problem

2.Transformation and Differential Equation. Let z = y/x . Then

y = xz(x), y ′ = z + xz ′ xz ′ =
1 + z2

1 − z
.

So we obtain the Cauchy problem

(CP)

z ′(x) =
1
x

1 + z2

1 − z
.

z(x0) = z0 = y0/x0

Separating the variables and integrating we obtain

arctan
(y

x

)
= ln

√
x2 + y2 + C.

with C = arctan
(

y0
x0

)
− ln

√
x2

0 + y2
0 . Passing to polar

coordinates:

θ = ln ρ+ C ⇒ ρ = Aeθ, A > 0.
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Logarithmic Spiral Problem

This is the logarithmic spiral ρ = Aeθ, A > 0.
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Drone–Car Trajectory

Mathematical Model
A car moves along a highway (the Ox axis) with constant
velocity a.
A drone follows it from the sky, moving with constant velocity v .
At each instant t , the tangent line to the trajectory of the drone
passes through the car.
The car starts from position x0, while the drone starts from
position (x0, y0).
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Drone–Car Trajectory

1.Equation of the Trajectory.
The trajectory of the drone can be described as:
- Parametric form: r(t) = (x(t), y(t)),
- Cartesian form: y = y(x) or x = x(y).
If X = x0 + at gives the position of the car, we can express the
slope of the tangent line as follows

dy
dx

= tan θ,

where θ is the angle the tangent line makes with the x-axis:

dy
dx

= − y
X − x

= − y(x)
x0 + at − x

.

Equivalently: x0 + at − x(y) = −y x ′(y). Differentiating w.r.t. y :

dt
dy

= −1
a

y x ′′(y).
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Drone–Car Trajectory

2. Relation with the Arc Length.
From the motion law:

s(t) =
ˆ t

0

√
x ′(τ)2 + y ′(τ)2 dτ = vt .

ds
dt

= v ⇐⇒ ds =
√

dx2 + dy2 = v dt .

Hence
dt
dy

= −1
v

√
dx2 + dy2

dy
= −1

v

√
dx2

dy2 + 1,

because dy/dt < 0 (the y of the drone is decreasing function).
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Drone–Car Trajectory

3. Differential Equation.
Combining the relations gives:

y x ′′(y) =
a
v

√
x ′(y)2 + 1 .

This is a second order nonlinear ODE with unknown function
x(y) not presented. We solve it introducing a new function and
reducing the order of the equation.
Let x ′(y) = z(y), so x ′′(y) = z ′(y). Then

yz ′(y) =
a
v

√
z2 + 1.
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Drone–Car Trajectory

Separating the variables:

dz√
z2 + 1

=
a
v

dy
y
.

Integration gives:

ln(z +
√

z2 + 1) =
a
v
(ln y + lnC) = ln(yC)a/v .

Thus x ′(y) = z(y) = 1
2C1ya/v − 1

2C1
y−a/v and by the initial

position (x0, y0) of the drone we obtain

x ′(y) = z(y) =
1
2

(
y
y0

)a/v

− 1
2

(
y
y0

)−a/v
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Drone–Car Trajectory

3. General Form of the Solution.
Assuming v ̸= a

x(y) =
y2

0
2 (1 + a/v)

[(
y
y0

)1+a/v

− 1

]

−
y2

0
2 (1 − a/v)

[(
y
y0

)1−a/v

− 1

]
+ x0.

Problem 1
Calculate the position x of the car at which the drone will rich
the car.

Problem 2
Calculate the solution of the Cauchy problem if a = v . Graf this
solution in the plane Oxy .
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Drone–Car Trajectory

4. Conclusion
In the first problem, we obtain homogeneous ODE that can
be reduced to equation with separable variables. The
trajectory of the solution is a logarithmic spiral.
In the second problem, the trajectory of the drone satisfies
a nonlinear ODE of second order, resolvable via reduction
of the order, obtaining equation with separable variables.
The explicit formula of the solution is in terms of powers of
y .
Initial conditions fix the constants and give the precise
path.
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A Meteor Approaching the Earth

Mathematical Model
A meteor with a mass m approaches the Earth. Denoting by
M(M > m) the mass of the Earth, evaluate the velocity of the
impact.

Earth

Meteor

r(t)
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A Meteor Approaching the Earth

1. Equation of Motion.
Let r = r(t) denote the distance of a meteor from the center of
the Earth at time t . The motion is governed by Newton’s law of
gravitation:

(1) mr ′′ = −mMG
r2 .

2. Surface Gravity.
Let a be the radius of the Earth. If an object is on Earth’s
surface, then r = a and the acceleration r ′′ = −g.
Hence, from (1)

(2) g =
MG
a2 , ⇒ MG = ga2.

So by (1) and (2) we obtain second order nonlinear ODE

(3) r ′′ = −ga2

r2 .
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A Meteor Approaching the Earth

3. Energy Conservation.
Multiply both sides of (3) by r ′:

r ′r ′′ +
ga2

r2 r ′ = 0,
d
dt

(
1
2 r ′2 − ga2

r

)
= 0.

Hence,

(4)
1
2

r ′2(t)− ga2

r(t)
= c,

so the energy of the meteor,

E(t) = 1
2 r ′2(t)− ga2

r(t)
,

remains constant.
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A Meteor Approaching the Earth

4. Velocity of Impact.
If the meteor starts with r ′(0) = 0 and r(0) = ∞, then E(0) = 0.
At impact (r = a, r ′ = v ):

1
2

v2 − ga2

a
= 0 ⇒ v =

√
2ga.

Trajectory

v =
√

2ga
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A Meteor Approaching the Earth

Problem 1
Suppose that the initial velocity of the Meteor is r ′(0) = v0 and
r(0) = R, calculate the velocity of the impact.

Problem 2
The equation (3) is a second order ODE, independent of r ′ and
t , explicitly. Considering r as an independent variable and
introducing a new function z(r) = r ′ we can calculate

r ′′(t) =
dz(r)

dt
=

dz(r)
dr

dr
dt

= z ′(r)z(r).

Substitute the new functions in (3) and calculate the solution.
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Mixing Problem with Impulse Input

Mathematical Model
A tank contains 10 L of saline solution in which each liter
contains 0.5 kg of dissolved salt. Fresh water begins to flow into
the tank at a rate of 1 L/min, and the well-mixed solution flows
out of the tank at the same rate.
After 5 minutes, 3 kg of salt is suddenly poured into the tank
and instantly mixed with the solution.

Find, at any time t , the amount of salt in the tank.
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Mixing Problem with Impulse Input

1.Setup of the problem.
Let y(t) denote the amount of salt in the tank at time t . The
variation of y(t) is given by

dy(t) = [inflow − outflow] dt .

We observed only one instantaneous inflow of 3 kg at t = 5.
Hence

inflow =

{
3 t = 5,
0 otherwise

= 3δ5(t),

where δ5 is the Dirac delta centered at t = 5.
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Mixing Problem with Impulse Input

3. The Dirac Delta Function.
The Dirac delta δ(t − c) is not a classical function but a
generalized function (distribution) defined by its action on
integrals: ˆ ∞

−∞
f (t) δ(t − c) dt = f (c).

It models an instantaneous input at t = c with infinite height
and zero width, but unit area:

ˆ ∞

−∞
δ(t − c)dt = 1.

In our problem, 3δ5(t) represents the sudden addition of 3 kg of
salt at time t = 5.
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Mixing Problem with Impulse Input

4. Outflow and Differential Equation.
The solution leaves the tank at 1 L/min. Since the
concentration is y(t)/10 (kg/L), the rate of salt leaving is

y(t)
10

.

Thus, the governing equation is

y ′(t) +
y(t)
10

= 3δ5(t), y(0) = 5.

Taking the Laplace transform:

y(t) = 5e−t/10 + 3e−(t−5)/10H5(t),

where H5(t) is the Heaviside step function.
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Mixing Problem with Impulse Input
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Mixing Problem with Impulse Input

5. General Case with Impulse Input.
Consider the general differential equation

y ′ + ay = kδc , y(0) = y0, c ≥ 0.

Applying the Laplace transform,

Y (s) =
y0

s + a
+ k

e−cs

s + a
.

Recall that

L(y)(s) = Y (s) =
ˆ +∞

0
y(t)e−st dt

is Laplace transform of the function f (t), t ∈ (0,+∞).
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Mixing Problem with Impulse Input

The inverse Laplace transform gives

y(t) =

y0e−at , 0 ≤ t < c,

y0e−at + ke−a(t−c), t ≥ c.

Observation: The solution is discontinuous at t = c because of
the instantaneous impulse input.
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Mixing Problem with Impulse Input
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Mixing Problem with Impulse Input

Figure: Solution with instant input.
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Two-Body Heat Exchange System

Mathematical Model
Suppose we have a body placed inside another body, both in
an environment at temperature Te.
If Tg denotes the temperature of the inner body at time t , and
Tb the temperature of the outer body at time t , then according
to Newton’s law of cooling/heating, these temperatures satisfy:{

Ṫg = a(Tb − Tg),

Ṫb = a(Tg − Tb) + b(Te − Tb).
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Two-Body Heat Exchange System

1.System Reformulation.
Let Tg(t) = x(t), Tb(t) = y(t), and Te = r(t). Then the system
becomes {

ẋ = a(y − x),
ẏ = a(x − y) + b(r(t)− y).

Or equivalently: {
ẋ = −ax + ay ,
ẏ = ax − (a + b)y + br(t).

If r(t) = 0, the system is homogeneous.
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Two-Body Heat Exchange System

2. Example with Parameters.
Take a = 2, b = 3, and r(t) = 0. Then{

ẋ(t) = −2x + 2y ,
ẏ(t) = 2x − 5y .

The general integral is:{
x(t) = C1e−t + C2e−6t ,

y(t) = C1
2 e−t − 2C2e−6t .

Thus the family of integral curves is(
x(t)
y(t)

)
= C1

(
1
1
2

)
e−t + C2

(
1
−2

)
e−6t .

Problem
Find the solution of the Cauchy problem with initial data
x(0) = 40, y(0) = 45.
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Two-Body Heat Exchange System

Figure: t ∈ [0, 2]
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Three-Body Heat Exchange System

Three-Body Model
Consider a thermally isolated system consisting of three bodies
that exchange heat.
By Newton’s law of cooling, if x1(t), x2(t), x3(t) denote their
temperatures at time t , then:

ẋ1 = a(x3 − x1) + a(x2 − x1),

ẋ2 = a(x1 − x2) + a(x3 − x2),

ẋ3 = a(x1 − x3) + a(x2 − x3).
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Three-Body Heat Exchange System

Simplified Case.
Let a = 1. Then, in matrix form:ẋ1

ẋ2
ẋ3

 =

−2 1 1
1 −2 1
1 1 −2

x1
x2
x3

 .

The general solution isx1(t)
x2(t)
x3(t)

 = C1

1
1
1

e0t + C2

 1
−1
0

e−3t + C3

 1
0
−1

e−3t .
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PDEs are fundamental mathematical tools to model
phenomena where variables depend on both time and space,
as happens in many physical, biological, economic, and
engineering systems.
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The Heat Equation

Historical Background

The mathematical study of heat conduction dates back to
the 1800s, pioneered by Joseph Fourier.
Fourier not only formulated the heat conduction equation,
but also introduced the concept of decomposing complex
functions into simpler ones, known today as Fourier
series.
The heat equation has applications beyond
thermodynamics:

Finance: modeling price diffusion.
Biology: diffusion of populations or chemicals.
Engineering: mass transfer and fluid dynamics.
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The Heat Equation

Smoothing Effect of the Heat Equation:
A fundamental property of the heat equation is its
smoothing effect.
Solutions become smoother over time, regardless of the
irregularity of initial data.
Even if the initial distribution is discontinuous, it quickly
smooths out and tends towards equilibrium.
This phenomenon is crucial not only in physics, but also in
applied sciences where stability and equilibrium are
important.
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Heat Conduction Model

We consider a solid material in R3, x = (x , y , z). Denote by

q(x, t) heat current density;
K thermal conductivity;
q · n the heat flux in the direction n.
It measures the rate of heat flow per unit time per unit area
across a plane with normal vector n.
r(x, t) internal heat source.
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Heat Conduction Model

We consider a solid material occupying a region of
three-dimensional space. Fourier’s law:

q = −k∇u,

∇u points in the direction of the maximum increase of
temperature u.
The negative sign reflects that heat flows from warmer to
cooler regions.
q therefore points in the direction of maximum decrease of
u, and |q| is the rate of heat flow in that direction.
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Heat Conduction Model

During a small time interval (t , t +∆t), heat flows through the
material and may also be generated by internal sources at a
rate s(x , t).
Therefore, the amount of heat that enters in any region R of the
material within the time interval (t , t +∆t) is, to first order in ∆t ,
given by

Q =

(
−
ˆ
∂R

q · n dS +

ˆ
R

s dV
)
∆t + O((∆t)2),

The same heat Q increases the temperature:

Q =

ˆ
R

cρ ut dV ∆t + O((∆t)2),
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Heat Conduction Model

Equating the two expressions for Q, dividing by ∆t , letting
∆t → 0, applying the divergence theorem, shrinking R to a
point, and using the Fourier’s law of heat conduction, we obtain
the general heat equation:

cρ ut = ∇ · (k∇u) + s.
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Heat Conduction Model

Consider the heat equation

ut = K∆u + r(x, t) x ∈ D = R× R× (0,L), t > 0.

In the next we will make a detailed study of the heat
equation in a slab, defined by

Ω =
{
(x , y) ∈ R2, 0 < z < L

}
.

This mathematical model is appropriate for a wall of
thickness L, where we ignore the variations of temperature
in the x , y directions.
The boundary conditions at the surfaces z = 0 and z = L
reflect the thermal properties of the inside (resp. outside)
of the wall.
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Steady-state solutions

An important class of solutions of the heat equation are the
steady-state solutions. This means that ∂u

∂t = 0.

Calculate SSS of{
ut = K∆u x ∈ Ω

u(x , y , 0) = T1, (∂u/∂z + hu)(x , y ,L) = 0, h,T1 > 0.

Compute the flux through the faces of the slab.

Solution. We look for u(x , y , z) = U(z). Thus U(z) = A + Bz.

z = 0 =⇒ A = T1,

z = L =⇒ B + h(A + BL) = 0 =⇒ B = − hT1

1 + hL

Thus U(z) = T1 −
hT1

1 + hL
z.
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Steady-state solutions

Let us compute the flux through the faces of the slab, that is
Φn = −K∇u · n

nL(x , y ,L) = (0,0, 1), n0(x , y ,0) = (0,0,−1)

Thus the flux from the upper face is

ΦnL = −KU ′(z) = KhT1/(1 + hL),

while the flux from the lower face is

Φn0 = KU ′(z) = −KhT1/(1 + hL).

2
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Time periodic solutions

Another important class of solutions of the heat equation are
the periodic solutions.
These correspond to a stationary regime, where the solution
exists for all time t ∈ R. Typically the solution is specified by a
boundary condition of boundedness.

The temperature at the surface of the earth is a given periodic
function of time, and we seek the temperature units below the
surface. We assume that there are no internal heat sources
and the thermal diffusivity is constant throughout the earth.
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Time periodic solutions

We consider a flat surface. The temperature on the surface
z = 0 is independent of location and depends only on time.

ut = Kuzz z > 0, −∞ < t < +∞
u(0, t) = u0(t), −∞ < t < +∞
u0(t + τ) = u0(t)

In addition we require

|u(z, t)| ≤ M .

We are interested of complex solutions u(z, t) = Z (z)T (t),
hence

KZ ′′(z)
Z (z)

=
T ′(t)
T (t)

= −λ ∈ C.
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Time periodic solutions

The model describes periodic oscillations at the surface
(x = 0).
We want to understand how these oscillations propagate
with depth.
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Time periodic solutions

We get the ODEs

T ′(t) + λT (t) = 0, T (t) = e−λt

Z ′′(z) +
λ

K
Z (z) = 0, Z (z) = e(−1+i)z

√
β/2K .

Since we require bounded solution, λ = iβ, β ∈ R. Per simplicity
take β > 0, if it is negative no new solutions are obtained.
The complex separated solutions are

e−iβte(−1+i)z
√

β/2K

Taking the real and imaginary parts, we have the real
quasi-separated solutions

e−cz cos(βt − cz), e−cz sin(βt − cz), c =
√

β/2K .

Any linear combination is a solution too.
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Time periodic solutions

To solve the original problem we take the Fourier expansion of
the boundary function

u0(t) = A0 +
∞∑

n=1

(
An cos

2nπt
τ

+ Bn sin
2nπt
τ

)
.

Since u(0, t) = u0(t) this holds if

βn = 2πn/τ, cn =
√

nπ/K τ

in the quasi-separated solutions. Hence

u(z, t) = A0 +
∞∑

n=1

e−cnz
[
An cos(βnt − cnz) + Bn sin(βnt − cnz)

]
.
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Numerical example

Find the periodic solution of the problem
ut = Kuzz z > 0, −∞ < t < +∞
u(0, t) = A0 + A1 cos

2πt
T , −∞ < t < +∞

A0, A1, T > 0.

Solution.
We note that

u0(t + T ) = u0(t), the solution is T -periodic.

Referring to the general solution obtained before we write

A0 + A1 cos
2πt
T

= A0 +
∞∑

n=1

(
An cos

2nπt
τ

+ Bn sin
2nπt
τ

)
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Numerical example

Hence we choose Bn = 0,n ≥ 1 and An = 0,n ≥ 2 that gives

u(z, t) = A0 + A1e−z
√

π/KT cos
(

2πt/T − z
√

π/KT
)
.
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Numerical example

Graph of the solution as a function of t ∈ [0,T ] :

z = 0

u(0, 0) = A0 + A1

z
√
π/KT = π

2

u(z, 0) = A0
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Numerical example

z
√
π/KT = π

u(z, 0) = A0 − A1e−π

z
√
π/KT = 3π

2 ,

u(z, 0) = A0
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Numerical example

Graph of the solution as a function of t ∈ [0,T ] :

z
√
π/KT = 2π,

u(z, 0) = A0 + A1e−2π
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Applications to geophysics

This theory can be used to study the seasonal variations of
temperature within the earth.

Suppose that K = 2 × 10−3cm2/s, T = 3.15 × 107s. Find the
depth necessary for a change from summer to winter.

Solution. We have z =
√
πKT = 4.45 × 102cm. Therefore

when it is summer on the earth’s surface, it is winter at a depth
of 4.45m.

umin(
√
πKT ,0) = A0 − A1e−π

where A0 is the mean temperature on the surface z = 0. 2
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Applications to geophysics
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Applications to geophysics

TEMPERATURE PROFILES

Amplitude decreases with depth.
Phase shift increases with depth.
Deep soil temperature is more stable and delayed
compared to the surface.
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Traffic Model

Think of the position of a point on the highway as a coordinate
x ∈ R. Consider the road segment between two toll booths
[a, b] ⊂ R.

We call g(x , t) the traffic density. Since our model does not
track individual vehicles one by one, we introduce the flow
f (x , t):

f (x , t) = g(x , t)
dx
dt

⇒ f (x , t) = g(x , t)V (x , t),

where V (x , t) is the speed of a vehicle located at x at time t .
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Traffic Model

Consider a stretch [c, d ] ⊂ [a, b].
We ask: How does the number of vehicles in [c, d ] change over
[t , t + ϵ]?

(5) Q(ϵ) =

ˆ d

c
[g(x , t + ϵ)− g(x , t)] dx

Instantaneous variation of the number of vehicles in [c, d ] is

(6) ℓ = lim
ϵ→0

Q(ϵ)

ϵ



MM described via ODE MM and systems of ODE MM and PDE

Traffic Model

From the flow definition:

ℓ = f (c, t)− f (d , t)

With limits:

ℓ = lim
ϵ→0

1
ϵ

ˆ d

c
[g(x , t + ϵ)− g(x , t)]dx = f (c, t)− f (d , t)

Passing the limit inside the integral:

ˆ d

c

∂g
∂t

(x , t) dx = f (c, t)− f (d , t)

(7)
ˆ d

c

[
∂g
∂t

(x , t)− ∂f
∂x

(x , t)
]

dx = 0
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Traffic Model

Since (7) holds for any [c, d ] ⊂ [a, b], the integrand vanishes:
Continuity equation:

(8)
∂g
∂t

(x , t) +
∂f
∂x

(x , t) = 0

Cauchy problem for general equation:
∂g
∂t

(x , t) +
∂

∂x
(V (x , t)g(x , t)) = F (x , t)

g(x , 0) = g0(x)

where F (x , t) is an external influence on the traffic flow.
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Traffic Model

SPECIAL CASE: We consider a regular traffic density with a
constant velocity and without external variation of the flow

V = c ∈ R, F = 0, g ∈ C1(x){
gt(x , t) + c gx(x , t) = 0
g(x , 0) = g0(x)

⇒ g(x , t) = g0(x − ct)
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Traffic Model

A more realistic constitutive law for velocity:

V (g) = vmax

(
1 − g

gmax

)
,

f (g) = V (g)g, f ′′(g) = −2vmax

gmax

Whitham–Lighthill equation (similar to a scalar nonlinear
conservation law):

(9)

{
∂tg(x , t) + ∂x f (g) = 0
g(x ,0) = g0(x)
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Traffic Model

Solution:

g(x , t) =


gmax , x ≤ −vmax t
gmax

2

(
1 − x

vmax t

)
, −vmax t < x < vmax t

0, x ≥ vmax t
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Traffic Model

Rarefaction wave centered at origin
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Traffic Model

Initial condition:

(10) g0(x) =

{
1
8gmax , x < 0

gmax , x > 0

Characteristics: {
x = 3

4vmax t + x0, x0 < 0

x = −vmax t + x0, x0 > 0

Intersections ⇒ shock forms

x = −1
8

vmax t .
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Traffic Model



MM described via ODE MM and systems of ODE MM and PDE

T HANK YOU FOR T HE AT T ENT ION !
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